Line-profile variation of Nd III and Pr III spectrum lines of roAp stars obtained with high spectral resolution and high time resolution seem to be similar to those seen in rapidly rotating B-type line-profile variables: features in the lines appear to move smoothly from blue to red, but return to the blue discontinuously. It has been argued in the past that such behaviour is in disagreement with the oblique-pulsator interpretion of the photometric observations. We point out why that argument is invalid. We propose that the properties of the observed line-profile variation can in principle be explained as a manifestation of a shocked wave train propagating upwards through an acoustically thick layer high in the atmosphere, and demonstrate that it is consistent with the underlying pulsation being an axisymmetric low-degree, probably dipole oscillation more-or-less aligned with the magnetic axis, in accord with the oblique-pulsator model.
Introduction
The Cepheid instability strip in the Hertzsprung-Russell (HR) diagram, if extrapolated to lower luminosity, crosses the main sequence in the vicinity of spectral types A and F. It is there that the chemically peculiar Ap stars are to be found. Variability has long been sought in Ap stars. Initially none was found. Therefore it was thought on empirical grounds that pulsation and chemical peculiarity are mutually exclusive. But in 1978, rapid low-amptitude (by classical-variable standards) light variations were discovered by Kurtz (1978) in the magnetic holmium star HD 101065, and within a few years several more such stars were discovered (Kurtz 1982) . Unlike the classical variables, which pulsate in their fundamental or low-overtone modes, these stars have pulsation periods of only about 10 min, substantially shorter than the dynamical timescale 2 .R 3 =GM / 1=2 , which for main-sequence A-type stars is typically about 2 hr. Thus was established the concept of "rapidly oscillating Ap stars" (roAp stars). There are currently 35 known members of that class, listed by Kurtz et al. (2006) . And indeed, contrary to earlier belief, rapid oscillations appear to be positively correlated with chemical peculiarity, particularly with an overabundance of certain rare-earth elements.
The existence of roAp stars raises many questions, such as: What is the relationship between these stars and the ı Scuti stars, with which they overlap on the HR diagram? Why are the oscillations associated with anomalous chemical abundances? And why do the oscillations have such short periods? The answers to these questions should provide us with useful keys to a better understanding of the physics of Ap stars.
Most observations of roAp stars have concerned the light variations. In many cases the oscillation amplitude has been found to be modulated with the rotation period, the latter often being inferred from the variation of magnetic field strength. To explain this phenomenon, Kurtz (1982) proposed the obliquepulsator model, which presumes the star to support a moreor-less axisymmetric magnetic field and to be pulsating in a dipole mode whose axis of symmetry is aligned with that of the field, which itself is inclined to the rotation axis. The model was proposed simply to account for the observations, and has been reasonably successful in doing so; subsequently it has received some dynamical justification (e.g., Dolez & Gough 1982; Kurtz & Shibahashi 1986; Takata & Shibahashi 1995; Dziembowski & Goode 1996; Kurtz & Martinez 2000; Balmforth et al. 2001; Cunha 2001; Bigot & Dziembowski 2002; Shibahashi 2003; Gough 2003 Gough , 2005 Saio & Gautschy 2004; Saio 2005) . Deviations of a portion of the spectra of Equ from their temporal average, in the vicinity of the Pr III 6160.24Å line, plotted for various times. The spectra are shifted downwards by 0.02 each time interval. The smoother of the two uppermost curves is the mean of the observed spectra, and the other, thinner, curve is a synthetic spectrum computed assumimg no Doppler broadening from the pulsations and convolved with a Gaussian profile whose full width at half-maximum is 37 mÅ. The curve at the bottom is the standard deviation of the spectra from their mean. The spectra of Nd III are similar (after Kochukhov & Ryabchikova 2001a ).
Until recently, very little work has been done on the variation of the spectrum lines. The atmospheres of Ap stars are chemically inhomogeneous, offering the potential of mapping the oscillations and, it is to be hoped, identifying the modes. High-resolution spectroscopic observations are required for this purpose, and recently some new, striking results have been reported (Savanov et al. 1999; Kochukhov & Ryabchikova 2001a, b; Balona & Zima 2002; Kochukhov et al. 2002; Balona 2002; Balona & Laney 2003; Kurtz et al. 2003 Kurtz et al. , 2005 Mkrtichian et al. 2003; Sachkov et al. 2004; Elkin et al. 2005a, b) . It has been found that spectrum lines of rare-earth elements in roAp stars exhibit strong oscillatory variation, with the same periods as the photometric oscillations. In particular, Kochukhov and Ryabchikova (2001a) have found in one of the roAp stars, namely Equ, the third-brightest roAp star, spectacular line-profile variation (LPV) in the spectrum lines of Pr III and Nd III. It is these observations that have motivated the work reported in this paper.
When a star pulsates nonradially, the phase of the motion varies over the stellar surface. This can produce characteristic variations in the spectrum line profiles. The LPV is most clearly seen in the time series of the residuals that remain after subtracting from each line profile its temporal mean. Kochukhov and Ryabchikova (2001a) showed that, rather than moving back and forth continuously, features in the lines of Nd III and Pr III in the spectrum of Equ appear to move continuously only from blue to red (see figure 1) . Similar LPV has been seen in Nd III and Pr III lines in other roAp stars. However, lines formed nearer the photosphere exhibit the expected continuous sinusoidal motion. What does this mean?
Such blue-to-red movement is observed in rapidly rotating B stars, where it has been interpreted as a manifestation of prograde sectoral modes of intermediate degree .l = m 4 8/, which produce a contribution to the line which moves across the rotationally broadened profile (Vogt & Penrod 1983; . However, Equ is hardly rotating at allits period exceeds 70 yr (Leroy et al. 1994 ) -so a similar interpretation cannot be applied here. Notwithstanding, Kochukhov and Ryabchikova (2001a) simply adopted for Equ the moment procedure that is used for quantifying the LPV of rapidly rotating B stars (Balona 1986a, b; Aerts et al. 1992) , from which they claimed the LPV to be caused by (prograde) modes of degree l = 2 or 3 and azimuthal order satisfying jmj = l or l 1. That conclusion is inconsistent with the oblique-pulsator model, which requires the pulsations to be axisymmetric. But it is clear that an interpretation requiring rotational broadening in a nonrotating star cannot be correct.
In this paper we offer an alternative, more cogent explanation, based on the conversion high in the atmosphere of outwardly propagating waves into a shock train prior to their encountering the Nd III and Pr III line-forming region.
The LPV of Sinusoidal Velocity Variation
In the case of Equ, there is no rotation to broaden the spectral lines and to enable one thereby to differentiate among light emitted from different regions of the star. The temporal line variations induced by sinusoidal pulsation (or, indeed, by any pulsation that is symmetric with respect to time reversal) must themselves exhibit odd or even symmetry with respect to time Theoretically expected line-profile variation (LPV) produced by a sinusoidally oscillating quadrupole mode with m = 1 (left) and with m = 2 (right) of a nonrotating star, viewed at an angle of 50 ı with the axis of the spherical harmonics. The abscissa is in Doppler-velocity units. The spectrum lines were presumed to have been formed in a thin, chemically homogeneous layer in the atmosphere. In this respect they might be regarded as representing spectrum lines formed near the photosphere. The pulsation velocity amplitude is taken to be 10 km s 1 . Line profiles at a sequence of 100 phases through a single period of oscillation are stacked with phase increasing downwards. In each left-hand panel are displayed the individual line profiles, having depths corresponding to that of the Pr III 6160.24Å in figure 1 ; above them is their mean. In the right-hand panels the residuals, namely the differences between the individual profiles and their mean, are displayed; above them is plotted their standard deviation. The left-hand ordinate scales refer to the phase of the oscillation, in units of the period, and the right-hand scales to the relative radiative intensity in the spectrum line. The differences between the sets of spectra for the two different modes arise principally from the difference between the mean line-of-sight velocities at fixed mode amplitudes. Corresponding spectra of other low-degree modes with different orientations are qualitatively the same.
reversal; in particular, the mean position of the line must move from red to blue and back again, and the line shape must also oscillate sinusoidally. However, as Kochukhov et al. (2007) have pointed out recently, and as we discuss in section 7 of this paper, an appropriate combination of the two can give the appearance of only blue-to-red propagation of residuals, even though the temporal variation at any fixed wavelength in the spectrum is sinusoidal.
Nonradial oscillations induce LPV in two principal ways: by Doppler shift due to line-of-sight motion, and by surface brightness variation; both can cause variations in the line shape. Variations in surface inclination and surface area are minor. To illustrate our point we first simulate the LPV of a nonrotating star induced by a single nonradial mode oscillating sinusoidally in time. The mode is characterized by its degree, l, its azimuthal order, m, its (vertical) velocity amplitude u 0 and its frequency !, upon which depends the ratio of the horizontal to the vertical components of the velocity, which, for the high-frequency modes typical of roAp stars, is small. The resulting integrated line profile that would be observed depends on the Doppler shift associated with the motion, and also on the shapes of the lines in the light emitted from each point of the surface; for the sake of simplicity, we assume the shape to be Gaussian, and for the moment we also take it to be invariant (in a frame of reference moving with the surface).
The complete line profile depends also on the angle between the line of sight and the chosen axis with respect to which the spherical harmonic characterizing the mode is referred.
In figure 2 is displayed the LPV obtained from this simple model. Limb darkening was taken into account, but horizontal chemical inhomogeneity was ignored. Plotted is the integrated radiant intensity as a function of wavenumber in velocity units, and its deviation from its mean, for a sequence of values of the pulsation phase extending over one complete period. Two modes of oscillation are illustrated, one with l = 2, m = 1, the other with l = 2, m = 2, each having an rms amplitude U = 10 km s 1 , a value characteristic of Equ. They are viewed from an angle of 50 ı with the coordinate axis, in the plane of the central meridian. The temporal symmetry is evident in both cases, and is qualitatively different from the spectra of Equ displayed in figure 1. The line moves smoothly from blue to red (or vice versa) and back again, with a continuous change of shape. Had the amplitude of pulsation been assumed to be substantially lower, the motion of the line centre would have been sinusoidal, with hardly a perceptible variation in the profile: merely a slight broadening produced by the differential Doppler shift of light from the differently moving emitting layers, having maxima at the phases of maximum positive and maximum negative velocities, and therefore varying with a frequency twice that of the [Vol. 60, mode. Residual spectra of this genre are to be expected in lines formed low (relative to the Nd III and Pr III lines) in the atmosphere, where the pulsations are roughly sinusoidal; behaviour similar to that exhibited in figure 2 has been reported by Elkin, Kurtz, and Mathys (2005) to occur in the H˛line of HD 99563, and can be found also in the H˛line of other roAp stars.
Shock Waves in the Upper Atmosphere
Although we interpret the movement of the residuals apparent in figure 1 as arising simply from a variation in Doppler shift of the Pr III line, we cannot infer immediately from the figure what the magnitude of the velocity discontinuity at the shockfront producing it might be. The reason is that the entire line is shifted by the motion, and the extent in wavelength of the ridges in the stacked residual spectra depicted in figure 1 depends not only on the wave velocity but also on the intrinsic width (i.e., on the broadening produced by all agents other than the wave) of the line. We note, however, that the extent of the ridges is some 35 km s 1 , comparable with the full width at half-maximum of the standard deviation plotted at the foot of the figure, which is much greater than any movement evident in the Pr II and Nd II lines (Kochukhov & Ryabchikova 2001a) which are formed lower in the atmosphere. We therefore infer that the amplitude of the waves is likely to be much greater in the region in which the Pr III, and the Nd III, lines are formed.
Roughly speaking, one might expect the velocity amplitude U of an acoustic wave to increase with height in proportion to 1=2 , where .z/ is the mass density of the atmosphere, because, at least in the absence of dissipation, the wave energy flux 1 2 U 2 v is constant; here v ' c is the group velocity of the waves, c being the sound speed, which, in the absence of a chromosphere and corona, hardly varies in comparison with . Therefore, if the density is low enough, this velocity could be consistent with the mean widths of the Nd III and Pr III lines, which are observed to be about 20 km s 1 . According to Kochukhov and Ryabchikova (2001a) the broadening of the mean lines cannot be ascribed to real macroturbulent or microturbulent motion, nor to spurious instrumental smearing. And according to O. Kochukhov (private communication) , the broadening of the Nd III 6145.1Å line due to Zeeman splitting, which is likely to be the dominant contributor to intrinsic line broadening, corresponds to a velocity of only 9 km s 1 ; therefore that cannot account for the whole of the observed width. Thus we concur with Kochukhov and Ryabchikova (2001a) that pulsational broadening is likely to be the dominant influence on the widths of the doubly ionized rare-earth lines.
To check whether a wave amplitude high enough to account for the spectra in figure 1 is theoretically plausible requires more careful consideration. That is one of the aims of our investigation. We remark at the outset that there appears to be substantial uncertainty in the value of in the line-forming regions, because an adequately realistic model atmosphere has not yet been computed. However, Ryabchikova et al. (2002) and Mashonkina, Ryabchikova, and Ryabtsev (2005) have made substantial progress towards rectifying the situation. To account for the enormously strong Nd III and Pr III lines compared with the corresponding Nd II and Pr II lines, it was necessary to postulate a layer of highly enhanced rareearth abundance high in the atmosphere, presumably brought about by radiative levitation. That overabundant layer is likely not to be spread uniformly over the surface of the star, but instead to be confined to the large antipodal magnetic spots, as are many other abundance anomalies ). In the first investigation, which was based on an LTE calculation, Ryabchikova et al. (2002) inferred that that layer occupies optical depths 5000 Ä 10 9 , where Ä 10 5 ph , ph being the photospheric density; in the second, Mashonkina, Ryabchikova, and Ryabtsev (2005) , on the basis of a non-LTE calculation, inferred that the overabundance extends as low as 5000 ' 3 10 4 , where ' 0.025 ph . There is no observational estimate of the height of the top of the layer. In both calculations it was assumed that the atmosphere is in hydrostatic equilibrium, notwithstanding the presence of potentially high-amplitude outgoing waves. Therefore one should accept these atmospheric models only as a guide. The values of the pulsation velocities that in this paper we infer from the observations of Kochukhov and Ryabchikova (2001a) suggest a typical density at the base of the rare-earth overabundance region closer to the value suggested by Ryabchikova et al. (2002) .
The pulsation amplitude in the Nd III and Pr III line-forming region (which henceforth we call the RE region) appears to be comparable with the sound speed, which is probably of the order of 10 km s 1 . Therefore one should anticipate shocks. We assume, for the sake of simplicity, that the characteristic inverse timescale of the pulsational motion exceeds the acoustic cutoff frequency ! c in the diffuse upper atmosphere, so that the atmosphere supports outwardly running waves, driven by the pulsation beneath. This would require the temperature of the upper atmosphere to exceed the photosperic temperature by a factor of at least four. We point out in section 7 why that is not out of the question. We propose that by the time those waves have reached the RE region they have been converted into a shock train.
The formation of a shock train is illustrated in figure 3 . In the upper panel is plotted the (scaled) excess sound speed resulting from the compression ı (or, equivalently, the material velocity u associated with the disturbance) of a portion of an adiabatic running wave propagating into a uniform medium, viewed at a sequence of instances in a frame of reference moving with the wave. (Our temporary adoption of a uniform medium here is for didactic simplicity, and is appropriate because the complicating effect of the density-induced amplitude variation, which we address in section 5, is not material to this stage of our argument.) Initially the waveform is sinusoidal, but in time nonlinearity distorts the shape: regions of the waveform where the sound speed is higher, and hence where the pressure and density are also higher, propagate more rapidly, and regions where the sound speed is lower propagate more slowly. Therefore the negative slope of the forward pressure wave of the wave crest steepens, until eventually it becomes vertical, after which a discontinuity, in other words a shock, is formed. At first the magnitude of the discontinuity increases as the wave crest advances on the shock; after the crest has arrived, the magnitude of the discontinuity diminishes, the energy of the wave being continually dissipated in the shock to heat the gas 1/u 0 , plotted against k =2 , where k = !=c 0 and = z c 0 t , namely distance measured in a frame of reference moving with the wave, at times t = 0, t = 1.05 T , soon after the shock first forms, t = 1.5 T , a little before the shock reaches maximum strength, t = 2.5 T and t = 3.5 T , where T = 1=ku 0 . Propagation is from left to right. Lower panel: three periods of the shock train plotted as a function of !t=2 at the fixed location z = 2k 1 .
in its wake. The sinusoidal portion of the wave behind the shock is continuously stretched out, becoming almost straight, so that the wave form becomes almost triangular. Experienced at a point fixed in space, the excess sound speed, and the associated velocity, vary with time in the manner sketched in the lower panel of the figure. That variation is hardly distinguishable from what one might infer from one's first impression of the spectra in figure 1 .
To demonstrate the effect on a putative optical spectrum we have first computed the LPV produced by a thin atmospheric layer whose temporal variation is similar to that depicted in the lower panel of figure 3 ; here, it was assumed that the emission comes only from a spot whose diameter is no greater than the inverse horizontal wavenumber of the (low-degree) mode of oscillation. The outcome is illustrated in figure 4 , in which we plot a sequence of raw spectra (upper left) over three periods of oscillation, and a sequence of residual spectra (right) over four periods. Plotted at the top of the right-hand panel are also the intrinsic spectral line (dotted) and the average of the shifted spectra (continuous); and at the bottom is the standard deviation of the residuals, as in figure 1. The raw spectra are simply translations, without change of shape, of the intrinsic spectrum according to the line-of-sight velocity of the spot, causing the residual spectra to move continuously only from left to right, superficially mimicking figure 1. Note that, because the spot size is no greater than the characteristic horizontal scale of variation of the oscillation mode, all modes produce qualitatively the same spectra: the principal difference is simply the ratio of the amplitude of translation of the spectra to the rms velocity amplitude of the emitting layers in the atmoshere, which depends on both the shape and the orientation of the mode. Therefore, this behaviour is not manifestly at variance with the dipole-mode identification inferred from the photometric observations.
Our initial expectations from the shock-train hypothesis, according to Shibahashi et al. (2004a, b) , are:
(i) that the LPV of spectral lines that are formed deep in the atmosphere where the motion is well subsonic be sinusoidal; this includes chemical elements that are not concentrated in magnetically dominated spots where severe radiative levitation can raise substantial amounts of material to extreme heights, and (ii) that the continuous portion of the variation of features in the lines of levitated rare-earth elements such as doubly ionized Nd and Pr be monotonic, corresponding to downwardly accelerated motion, namely from blue to red.
These properties are at least in superficial agreement with the observational residual spectra depicted in figure 1.
A Signature of Propagation through the Atmosphere
The highly simplified simulation discussed in the previous section does not capture all the properties of the observations. For example, it does not reproduce the so-called radial velocity (RV) curves obtained by Kochukhov and Ryabchikova (2001a) from the moment method. In the simple model illustrated in figure 4 the line shape is invariant as the atmosphere decelerates in the wake of each shock. Therefore the temporal variation of the first moment faithfully reproduces the velocity in the thin layer in which the lines were presumed to have been formed. That variation is a sawtooth, as in the lower panel of figure 3 , with an amplitude (maximum deviation from the mean) of about 10 km s 1 . It hardly resembles the first moments of the observations, which are apparently sinusoidal, and of much lower amplitude. Two examples of them, kindly provided by O. Kochukhov, are reproduced here in figure 5. In particular, the amplitude of the Pr III line is only 788 m s 1 , more than 10 times lower than the amplitude of the sawtooth (and hardly more than twice that of the neighbouring Na I, 6160.8Å line, which is formed much deeper in the atmosphere).
That apparently stark discrepancy demands an explanation. Is the velocity amplitude of the RE region really as low as the moment analysis suggests? And is such a low amplitude consistent with essentially linearized pulsational perturbations, Fig. 4 . Synthetic LPV of a shocked oscillation mode. The spectrum line is presumed to have been produced above a spot in an acoustically thin layer of the atmosphere which moves in the sawtooth fashion U , where U = 10 km s 1 and the function is depicted in figure 3 . The line profile is taken to be Gaussian with a full width at half-maximum of 10 km s 1 . Various instances of the spectrum are plotted against optical wavelength, converted to velocity units, each displaced downwards from its predecessor by 0.02. In the upper left-hand panel are the raw spectra, on the right are the residuals: the mean of the spectra (multiplied by 5) is plotted at the top of the right-hand panel (continuous curve), the intrinsic spectrum (i.e., the spectrum of light emitted from a stationary point of the emitting layer) is dotted, and at the bottom is the standard deviation of the residuals, plotted on a scale of 33 times greater than the individual residuals, as is the case in figure 1. Displayed in the lower left panel is the first moment (RV) of the spectrum plotted against temporal phase in units of the period P .
implying a genuine sinusoidal variation with time, as one might suspect to be the case for the Na I line? We maintain in this paper that the answers to those questions are both negative.
The resolution of the apparent discrepancy is suggested by a more careful inspection of the spectra in figure 1. There seems to be no doubt whatever that features of the Pr III line appear to move from blue to red over a range corresponding to a velocity difference of about 35 km s 1 , although one must be aware that what is plotted are the residuals from the mean, and not the raw spectra. However, the variation cannot be represented simply as the mere displacement of a line with a single minimum; a new component appears on the blue side before the red feature has disappeared. This behaviour could be indicative of the line-forming region extending over a range of height great enough for a new shock to arrive at the bottom before the observable wake of the previous one has disappeared at the top: indicative of a layer that is not acoustically thin. A substantial portion of the shock train lies within the region at any instant. The spectrum line is weak, so the line-forming region is optically thin, and the entire portion of the shock train within the region can be seen at once. Thus the wave not only moves the spectrum line, but broadens the line too.
Of course the early arrival of the residual on the blue side of the line could be a manifestation of line broadening by some other process. But, as we discussed in section 3, there appears to be no known mechanism that could broaden the line by enough to explain the observations.
The shape of the line changes substantially over a period of oscillation. Therefore the movement of the first moment of the line, illustrated in figure 5, is not a straightforward indication of velocity. Indeed, were the thickness of the line-forming region to be comparable with the wavelength of the shock train, as we argue might be the case, velocities over the entire range of the oscillation phase would contribute to the spectrum line at any instant, and therefore the average displacement of the line would be substantially smaller than any local velocity variation.
The moment analysis of lines such as the more deeply formed Ca I 6162.2Å line is quite a different story. Systematic variation of that line is not even discernible in the sequence of residual spectra in figure 1, even though the strength of the line is greater than that of Pr III. This can be understood only if the Doppler displacement of the Ca I line is very much less than that of Pr III. It would require further analysis to determine how much of the moment shift is Doppler and how much is due to other, shape-changing factors. It is not even evident whether the line-forming processes are sufficiently well understood, and the signal-to-noise ratio sufficiently high, for such an analysis to be possible. Nevertheless, we anticipate that the stacked spectra would at least superficially resemble those depicted in figure 1, and that the amplitude of the firstmoment variation is a much better indicator of radial velocity than it is for the Pr III, and the Nd III, lines.
To illustrate this point we present another highly simplified, yet rather more realistic, model of rare-earth line formation. What we have in mind is that the abundances of the rare-earth elements increase upwards in an atmosphere through a declining density, producing an optically thin layer centred at height z 0 in which the rare-earth lines are formed. We model the line absorption rate with a contribution function f .z z 0 / which is constant within a distance D of z 0 and which then falls off exponentially with the square of distance on a length scale d :
A saw-tooth shock train of uniform strength propagates upwards with speed c through the region, the velocity at height 
where the constant U is the amplitude, and the function .t/ is that depicted in the lower panel of figure 3 . We also assume the intrinsic line profile to be Gaussian, with a constant width w. Therefore the relative intensity in the observed line at (optical) frequency (measured in velocity units from the central frequency 0 ) is given by I. ;t/ = exp
where the constant˛is chosen to bę
to ensure that the intrinsic line depth, in units of the continuum intensity, isˇ. In this model we assume the entire contribution to the line to come from the starspot, whose horizontal extent is somewhat smaller than the scale of variation of the dipole mode that is presumed to be aligned with it. Therefore we have been able to neglect horizontal inhomogeneity. Finally, the The upper continuous curve is the mean of the raw spectra, hI i; the dotted curve is a single intrinsic spectrum, suffering no Doppler broadening. The lowermost curve is the standard deviation of the spectra from their mean, plotted on a scale of 33 times larger than the others, as in figure 1 . The spectra are presumed to have been produced in a spot by a low-degree mode of oscillation such as an aligned dipole.
coordinate was divided into bins, and Gaussian distributed noise was added to each, purely for cosmetic purposes. A sample sequence of spectrum residuals, namely the differences I hI i of the spectra I from their mean hI i, is displayed in figure 6 . The optical wavelength against which the spectra are plotted is in velocity units. The parameters chosen for this example are: D = 0.6 and d = 0.3 (each measured in units of the wavelength of the shock train), U = 10 km s 1 , and w = 6 km s 1 . The uppermost continuous curve is the temporally averaged spectrum, and the curve at the bottom is the standard deviation from that average, as in figure 1. Note that the shape of the temporally averaged spectrum is distinctly different from the Gaussian shape of the intrinsic spectrum, as is also the case in figure 1, although the theoretical deviation in this crude model of spectrum line formation does not match the observations well, as must be expected. In figure 7 the first moment of the spectrum is plotted against the phase t=P of the wave velocity u.0; t/ at z = 0 (assuming zero phase when u = 0 and du=dt < 0), where P is the period of oscillation. It is compared with a sinusoid. Although the variation is not actually sinusoidal, it is very nearly so. Plotted also are the deviation of the square root of the second moment from its mean, and the variation of the equivalent width (zeroth moment) of the spectrum line from its mean. By adjusting the parameters D, d , U , and w one can change both the skewness and the amplitude of the curves; the parameters for figures 6 and 7 were chosen to produce stacked spectra similar in appearance to those in figure 1 , an amplitude of the first moment of about 800 m s 1 comparable with the RV amplitude of the Pr III line quoted by Kochukhov and Ryabchikova (2001a) , and a standard deviation whose magnitude and shape are not unlike those plotted in figure 1. We point out, however, that in this simulation .1 I=I 0 / d have been binned in time, and plotted as squares. The continuous curve is the deviation of the square root of the second moment 2 from its mean, and the dashed curve is the variation of the equivalent width W = R .1 I=I 0 / d of the spectrum line from its mean, the latter scaled by a factor of 20; both have been smoothed. The dotted curve is a sinusoid adjusted to fit the first moments (RV). Note that the spectra result from a wave train with a sawtooth radial velocity U .t z=c/ propagating through the atmosphere, where is depicted in figure 3 . the mean value of the second moment of the spectrum line is 70 km 2 s 2 , which is about twice the value observed, and its amplitude of variation is 4.2 km s 1 , which is 30 per cent greater than that observed. The amplitude of the variation of the equivalent width is only about 30 per cent of that observed. These quantities are quite sensitive to the details of the RE region. Therefore we do not consider it profitable to attempt to find a better fit with so crude a model as ours, particularly because Equ is actually multiperiodic, with at least four modes separated by about 30 Hz which are not resolved in figure 1 , and which interfere to mask the true amplitudes of the modes. Nevertheless, we submit that this simulation more-or-less reproduces the major spectral characteristics of the rare-earth lines presented by Kochukhov and Ryabchikova (2001a) , and that on empirical grounds alone the shock-train model survives direct observational confrontation. We remark that this qualitative behaviour is common to all modes, regardless of orientation, and is shared, in particular, by the oblique dipole modes which appear to be implied by the photometric observations.
We conclude this section by remarking again on the necessity for the line-forming region to be acoustically thick. As we have already pointed out, a shock train causes the RE lines to move continuously only from blue to red whatever the value of D is. It is reconciling the high-velocity shock train with the relatively low-amplitude almost sinusoidal RV variation that in our model requires the cancellation that occurs from having the spectrum line produced by a substantial portion of the shock train. Had we chosen the value of D to be half that adopted in figures 6 and 7, for example, then the amplitude of the RV would have been 40% greater than in figure 7, and the shape of the variation would have been skewed in the direction of the sawtooth, the minima occurring at phase 0.7, rather than 0.5, after the maxima. We reiterate that similar behaviour would have been obtained from a nonlinear waveform that has not yet developed into shocks, except that in that case the skewing that would develop as D is decreased would have been less severe.
Shock Formation in an Atmosphere
Our justification for even suggesting the shock-train model can hardly be complete without a demonstration that it is at least plausible that sinusoidal waves driven by the pulsations in the interior of an roAp star can develop into a train of shocks. To this end we discuss the nonlinear evolution of waves propagating upwards through an atmosphere, adopting Lighthill's (1978) physical arguments to complement Riemann's (1858) classical exact analysis of a disturbance propagating through an isentropic fluid. The intention here is to explain Lighthill's approximate formula for the location at which shocks form, leaving its application to roAp stars until the next section. We restrict attention to a weak disturbance propagating through a slowly varying medium, trusting that, as in linear theory, the analysis remains approximately correct even when the characteristic scaleheight of the atmosphere is comparable with the scale of variation of the wave.
Before addressing the problem in hand, we recall the heart of Riemann's analysis of a plane adiabatic disturbance propagating in the z direction through an isentropic fluid that is subject to no body force. The governing equations are
where p is the pressure, the density, c the sound speed, and u the fluid velocity. Adding˙. c/ 1 of equation (6) to equation (5) yields
where R˙= u˙q with q = Z dp c ;
the integral being taken along an adiabat. In other words, the quantity R + is strictly invariant on curves C + in the z-t plane defined by dz=dt = u + c, and the quantity R is strictly invariant on curves C defined by dz=dt = u c. These quantities are called Riemann invariants.
No precise invariants of this kind have been found for more general, anisentropic fluids. But Lighthill has argued that for slowly varying fluids, namely those for which pressure and entropy hardly change over a wavelength, approximate invariants, analogues to adiabatic invariants of classical mechanics, can be found for weak shocks by seeking functions R˙whose variation ∆R˙in the neighbourhood of any reference point in the flow vanishes to first order in the deviations of the fluid properties from their values at the reference point. This is accomplished by first identifying the functional forms of ∆R˙, and then integrating them to obtain the approximate invariants.
In preparation for the search for such functions, we first consider linearized adiabatic plane acoustic waves propagating vertically through a plane-parallel atmosphere stratified under constant gravity g. They satisfy
and @ıp @t = 0 c 2 0 @u @z ;
in which ıp is the Lagrangian pressure perturbation associated with the wave-like disturbance, and the subscript zero denotes the value corresponding to the background (equilibrium) state in which u = 0. If the scaleheight of the background state is much greater than the inverse scale of variation of the wave, then WKB theory can be applied to yield, for a combination of outwardly and inwardly propagating waves, 
and f and g are arbitrary functions. These relations are now to be used in estimating the gradual development of a nonlinear disturbance. Consider a point .z 1 ;t 1 / at which u = u 1 , p = p 1 , and = 1 . Within a neighbourhood of .z 1 ; t 1 / the departures of u, p, and from u 1 , p 1 , and 1 are so small that the linear theory can be used to describe them. Therefore, according to equations (11) and (12) applied in a rigid frame of reference moving with the fluid at .z 1 ;t 1 /, one can write
where
Guided by Riemann's exact result (7) for an isentropic fluid, Lighthill combines ∆u and ∆p in the manner in which equations (5) and (6) had been combined, and concludes that ∆R + W= . c/ 1=2 OE∆u + . c/ 1 ∆p ' 2f . / is approximately constant in the neighbourhood of .z 1 ;t 1 / if = constant, namely on the curve C + that passes through .z 1 ; t 1 /, and that ∆R W= . c/ 1=2 OE∆u . c/ 1 ∆p ' 2g.Á/ is approximately constant in the neighbourhood of .z 1 ; t 1 / if Á is constant, namely on the curve C that also passes through .z 1 ; t 1 /. Since ∆u = 0 and ∆p = 0 at .z 1 ; t 1 /, it follows that the constant values of ∆R + and ∆R are both zero. Consequently R + and R , whose functional forms are obtained by integrating ∆R + .z; t/ and ∆R .z; t/ from the reference point .z 1 ; t 1 / to .z; t/, are each almost invariant on the curves C + and C that pass through the point .z 1 ; t 1 /; and since that point is arbitrary, it follows that R˙are almost invariant on all curves C˙, which essentially recovers Riemann's strict result. Because the scale of variation of c is formally presumed to be much greater than that of the (weak) disturbance, for the purpose of integrating ∆R˙to obtain R˙the factor . c/ 1=2 may be taken as being constant, and equal to its value in the undisturbed state, yielding R˙' . 0 c 0 / 1=2 .u˙q/. Our interest is in an atmosphere supporting only outwardly propagating waves. Such waves are called simple. They have the property that R + is almost invariant along the curves C + . But these curves are intersected by curves C along which no nontrivial (invariant) disturbance travels: u q = 0. It follows that for these waves . 0 c 0 / 1=2 .u + q/ = 2. 0 c 0 / 1=2 u = 2. 0 c 0 / 1=2 q is almost invariant on C + . To keep the problem tractable, we now assume that the first adiabatic exponent is constant. Then
. c/ 1 dp = 2.c c 0 /=. 1/
on C + , whence c = c 0 + 1 2 . 1/u, and the absolute speed u+c of the signal (namely, the slope of the C + curve along which the generalized Riemann invariant R + propagates) exceeds the background sound speed c 0 by
Note that the background sound speed is a function of z alone. Because the background state is independent of t, and yet varies with z, it is more straightforward to address the temporal variation of the disturbance at some z.t/ that moves with the wave than it is to follow the more usual practice, when the background state is uniform, of addressing the evolution of the spatial waveform, as we described in section 3. It is convenient to define the absolute wave slowness s = .c + u/ 1 , and the slowness relative to a frame moving upwards with speed c 0 .z/ according to s = c 1 0
. We shall also need to assume that the Mach number of the flow in this frame is small, so that may be related approximately to u by keeping only the leading term in an expansion of in powers of u:
Because . 0 c 0 / 1=2 u is approximately constant on C + , it follows that Q W= is also approximately constant. Hence we may write @ Q =@t + .u + c/@ Q =@z = 0 , whence
With respect to the time coordinate , defined by the first of equations (12), which is more suitable than t for the moving frame, and a new spatial coordinate 
where z ph is the value of z in the photosphere, equation (18) becomes
where Q Q W= Q . This equation means that, plotted as a function of , Q Q is shifted forwards (advanced in time) as increases; in other words, the scaled relative slowness Q is retarded as increases, by an amount that is equal to Q (see figure 8 ). There is a temporal shearing, so to speak, causing the reciprocal of the rate of change of slowness at fixed Q , namely .@ Q =@ / 1 , to decrease at unit rate with respect to . This can be demonstrated formally by differentiating equation (20) with respect to at fixed , yielding
On branches of the Q . / curve where Q increases with , the inverse slope decreases as increases until at some point it reaches zero. That occurs at = .@ Q =@ / 1 j =0 . There the slope @ Q =@ becomes infinite: a shock is formed.
We do not discuss the details of the subsequent development of the shock here, but point out simply that the lowest level in the atmosphere at which a shock can be present is where
where max denotes the greatest value over whatever interval of time one is discussing the dynamics. Restoring the original variables finally provides an equation implicitly determining the pressure p s and the height z s in the atmosphere at which shocks form:
in an obvious notation. The first integral in equation (23) was obtained from the second assuming hydrostatic support of the background state beneath z s , which, of course, is not strictly valid, yet which does provide a viable approximation.
Above this height the shocks contribute substantially to the momentum and energy balance, and isothermal hydrostatics does not even offer a plausible guide.
Application to Stellar Atmospheres
To a first approximation the upper atmosphere beneath z s may be considered to be isothermal -density and pressure certainly vary more greatly than the temperature -and roughly in hydrostatic support. Therefore .z/ ' ph exp. z=H /, where H = c 2 = g is the (constant) scaleheight.
For a sinusoidally varying wave, u ' u 0 . 0 c 0 = ph c ph / 1=2 sin.!t ! R c 1 dz/ in the vicinity of the photosphere, whence max.@u=@tj z=z ph / = !u 0 . Consequently equation (23) implies
which, for the low photospheric wave amplitude, is large; hence
at which height
and the velocity amplitude is 1 . We adopt this value as an estimate of u 0 . Although there is considerable uncertainty resulting from this adoption, we note that the height z s of shock formation depends upon u 0 only logarithmically. The stellar radius R can be obtained from the luminosity L and the effective temperature T eff obtained by Matthews, Kurtz, and Martinez (1999) , namely R = 2:2 Rˇ; the values of T eff and R lie on the evolutionary track of a 1.9 Mˇstar computed by Elkin et al. (2005b) . Thus we obtain g ' 1:1 10 2 m s 2 . Taking ! = 2 =12 min = 8.73 10 3 s 1 then yields Γ ' 380. The height of formation of the shocks is thus z s ' 12 H ; there the velocity amplitude U of the wave train, given by equation (27), is 8 km s 1 , close to the value we have used in our simulated spectrum presented in figure 6 , and s ' 7 10 6 ph , p s ' 7 10 6 p ph . This is close to the base of the region of rare-earth enhancement in the LTE model proffered by Ryabchikova et al. (2002) , which is at 5000 ' 3 10 9 , where p=p ph ' 1 10 5 . However, as we pointed out in section 3, it is rather higher than the estimated base of the layer in the more recent non-LTE calculation by Mashonkina, Ryabchikova, and Ryabtsev (2005) . The latter discrepancy would not necessarily negate our model, however, because the addition to the spectrum of a contribution from nonlinearly distorted upwardly propagating waves that have not quite been shocked is unlikely to have a material effect on its general form. In any case, it must also be recognized that there is still considerable uncertainty in the structure of the model atmosphere, which was computed without taking account of the contribution from the the waves to the momentum and energy balance. We therefore submit that it is certainly plausible that the waves develop into a shock train in the RE region.
We remark that if we were to adopt c = 7.2 km s 1 , a value characteristic of the upper atmospheric model of Ryabchikova et al. (2002) , and = 5=3, we would obtain H = 230 km. However, we believe that the atmosphere is heated by the energy dissipated by the shocks, and is likely to be substantially hotter. Augmenting c by some factor would suppress the acoustic cutoff frequency by the same factor, and augment H by the square of that factor. We suspect that that factor might be as great as two, or even higher. That would suppress the acoustic cutoff frequency beneath the frequency of the wave, facilitating propagation, although we hasten to add that the suppression need not be that great everywhere in the atmosphere because waves can penetrate potential barriers. A simple realistic estimate of the degree of heating cannot be made from current model atmospheres.
Discussion
The model of roAp stars that we propose is of an incompletely trapped acoustic mode which leaks from the star, propagating upwards through the atmosphere. In the lower layers of the atmosphere, linear theory applies, and the velocity amplitude U increases with height at such a rate as to conserve energy flux: F w = 1 2 U 2 v, where v is the group velocity. The sound speed c and the scaleheight H vary relatively slowly with height, and therefore so does the group velocity, so roughly U / 1=2 . By the time U has become comparable to g=! the waveform has become distorted substantially from its initially sinusoidal form; the wave fronts steepen, and eventually they create a train of shocks, leading to a sawtooth waveform. For many stars the shock train is present in an RE region. The shocks dissipate mechanical energy, which heat the atmosphere and oppose a further rise in amplitude.
In the lower layers of the atmosphere the velocity varies approximately sinusoidally with time. Thus the centre of any spectrum line formed low in the atmosphere should move smoothly from blue to red and back again due to the Doppler shift produced by the wave. We have suggested that this is probably the main cause of the corresponding movement of the first moment of such lines reported by Kochukhov and Ryabchikova (2001a) , which is indeed how Kochukhov and Ryabchikova interpret it too. Moreover, there is evidence in their table 1 that the velocity amplitude increases with height, although there does not exist adequate line-formation analysis to confirm that it does so in accord with wave-flux conservation.
At high levels in the atmosphere, where we accept that rare-earth elements are concentrated Mashonkina et al. 2005) , the sawtooth wave induces features in the spectrum lines that move in a sawtooth fashion, with amplitude much higher than those of the lines formed lower in the atmosphere. This appears to be what is indicated by residual spectra such as those reproduced in figure 1 . We have demonstrated that under such circumstances the movement of the first moment of the line can be smoothly undulatory, indeed even roughly sinusoidal, although its value is certainly not a straightforward estimate of radial velocity. The reason for it is simply that when different intervals of the shock train are sampled by the RE region the shape of the overall line changes. Had the contributions to the line been uniform over the RE region, the spectrum would have varied as a uniformly weighted average of the sawtooth wave, which itself is a sawtooth, albeit with a lower amplitude, and with a different pitch (skewness) the value of which depends on the ratio of the thickness D of the RE region to the wavelength of the shock train. A variation in the contribution function, which we have modelled with the Gaussian extremities to the RE region, smooths that sawtooth into a function such as is illustrated in figure 7 .
In figure 1 there is a feature in the residual spectra which moves from blue to red. Explaining the property was the original motivation for this study. It is evident from the figure that a disturbance starts in the blue wing before the previous disturbance has disappeared in the red. To understand the phenomenon more clearly, consider first a layer in which the contribution to the rare-earth spectrum line is strictly constant, and which is so small that the layer is almost transparent even in the line so that the location of the absorption is irrelevant. Consider also the case in which the thickness of the layer is precisely a wavelength of the shock train. Then at every instant there would be equal contributions from every point in the shock train, whatever the instantaneous phase, and the line, though broadened, would be strictly invariant. To reproduce the observed properties of the residual spectra, one could contemplate a layer somewhat thicker than an acoustic wavelength; then the disturbance to the total line would appear first in the blue and would then progress to the red. Also, the line would be broader during the interval in which there are two shocks present in the layer simultaneously. As we pointed out above, the first moment of the line would oscillate in a sawtooth manner, like the fluid, but with an amplitude rather smaller than that of the material velocity. Of course, an acoustically thin layer would yield similar residual spectra, but in that case the first moment would more nearly reflect the material velocity, as it does in figure 4. Thus, it is the low amplitude of the variation of the first moment that, in this model, demands that the line-forming layer be acoustically thick. Finally, it is the spatial variation of the contribution function which smooths the sawtooth first-moment variation, under some conditions to a nearly sinusoidal form.
This explains why the RV curves, some of which are plotted in figure 5, can have amplitudes much lower than those of the wave velocities producing them. However, the skewness, if any, can remain. Therefore we would predict that were there to be extensive high-altitude line-forming regions of substantially different acoustical thickness, the skewness of the first moments of the corresponding spectrum lines might differ. However, we recognise that such a situation may never arise in roAp stars. Unfortunately, it would not be a straightforward matter to test this prediction by trying to unravel the implications of the line shapes were the star to be multiperiodic with a wide range of frequencies, and hence with a correspondingly wide range of values of , because the shock trains that would be produced are not solitons, and would interact with each other in a complicated manner.
The essential ingredient of our model is an upwardly propagating simple wave. An immediate consequence would be that the temporal phase decreases upwards. That can be tested observationally. To this end we have analysed observational spectroscopic data of nine roAp stars, comparing the phases of the variation of the apparent radial velocity (first moment) of the H˛line with those of the Nd III 6145.1Å line for each star. The results are listed in table 1. In eight cases among the nine, the Nd III variation lags behind that of H˛. The range of that phase lag is significant, and may be related to the pulsational mode geometry, the strength and geometry of the magnetic field, variations from star to star in the levels of the stratification of the rare-earth elements, and to contributions caused by horizontal abundance variations (spots) of Nd III viewed from different aspects relative to the rotation axis. Ap stars exhibit a wide range of types of peculiar characteristics which are yet to be understood quantitatively; hence at present we can only speculate on the range of phase lags presented in table 1. But it is clear that the trend is consistent with outward propagation. We emphasise, however, that this analysis tests only part of the model, for it is not an indicator of shocks. But we point out that a steepened waveform of the kind that develops before shocks form, as is illustrated in figure 3 , can also produce spectra superficially similar to those displayed in figures 1 and 6. However, unless the radiative cooling time is comparable with the inverse frequency, such waves hardly dissipate, and so one might expect to detect a greater rise in wave amplitude with time.
It could be a matter of some concern that wave leakage into the atmosphere might possibly lead to so great an energy sink as to annul the driving of the pulsations in the stellar interior. Balmforth et al. (2001) addressed this issue by applying outer boundary conditions at an optical depth of 1.5 10 5 which were either perfectly reflective or highly transmissive. Instability of high-order modes was found in both cases. Contrary to naive expectation, in many cases the growth rates of the modes were found to be greater when the highly transmissive boundary condition was adopted. The reason is that, unlike in cooler, low-order pulsators, the hydrogen ionization zone beneath the stellar spots, where the modes are driven, is so close to the surface that the direct influence of the outer boundary condition on the shape of the eigenfunctions is significant, the outcome being that the transmissive boundary condition augments the driving, and does so by more than the energy leakage by the waves.
Any acoustic wave propagating upwards through an atmosphere is likely to form a train of shocks, unless dissipation can damp the waves first. Therefore our model is quite natural. The principal remaining issues are (i) whether the shocks form in time to dominate the variation of the rare-earth spectra, and (ii) whether the RE region is extensive enough to support the complete sawtooth variation in the line residuals apparent in figure 1 . We have argued in section 5 that (i) is plausible, given the uncertainties in the model atmospheres. But perhaps (ii) presents a greater difficulty, for it requires the line to be formed throughout a region that is sufficiently extensive for it to contain a wave for a little more than a period of oscillation. For Equ, for example, that requires a thickness of about 2 c=! ' 5400 km, which is about twice the height at which the shocks appear. This is rather thicker than that often presumed, although it is not obviously at variance with the observations. We note, in this regard, that the impulses provided by the shocks, and the subsequent heating, are bound to make the atmosphere substantially more extended than one would obtain by the usual presumption of hydrostatic support in radiative balance.
It is important to realise that the rare-earth-layer thickness required to reproduce the observations need not actually be as great as an estimate that we have made. What is really pertinent to the theory is the range in acoustical distance travelled by the wave to a line-formimg region, in other words, the range in the time taken by all or only part of the wave to travel to such a region from the photosphere. That is not necessarily a measure of the geometrical height range. As J. Schou has emphasised, because the waves in the atmosphere are guided by the magnetic field, the inevitable splaying of the field above the photosphere causes a spread in the travel time to any given geometrical height, those parts of the wave near the middle of the spot arriving before those near the periphery, causing the effective acoustical thickness of any horizontal layer to exceed its geometrical thickness. It is also pertinent to point out that the effect of the splaying on the wave propagation also broadens the mean rare-earth spectrum lines further, perhaps rendering their shapes closer to the mean Pr III 6160.24Å line depicted in figure 1 without recourse to the macroturbulence.
It is also the case that spectra quite similar to those depicted in figures 1 and 6 can be produced by our model with much thinner RE layers, although with the parameters we have tried the first moment does not match the observations so well. No doubt other parameter combinations could be found to improve the match, but with such crude a model as ours we doubt that such honing would be meaningful.
Little is known about the structure of the atmosphere above the height at which the shocks form. Evidently, the mean scaleheight is substantially greater than it is in the lower atmosphere where conditions are more quiescent, as a consequence of both the impulsive forces and the heating produced by the propagation of the shocks. Therefore the decline in mean density through the RE region is substantially more gradual than one might otherwise have suspected. The shocks influence the formation of the RE lines, as also does the height distibution of the abundances of the line-forming elements, for which we have only scant evidence. Ascertaining whether the resulting absorption rate can be more-or-less uniform through the RE region, an approximation which we used in our simple illustrative example in section 4, is a very complicated matter, and is beyond the scope of this discussion. A potential observational test of our model would be to find a chromosphere in Equ. There is currently no convincing evidence for a chromosphere in any roAp star (e.g., Shore et al. 1987; Seggewiss 1990 ), but nor is there any evidence against.
After our investigation had been completed we received from Oleg Kochukhov a preprint of the paper by Kochukhov et al. (2007) , kindly sent to us in advance of the publication, in which it is claimed that our model is not in agreement with observation. We consider it to be incumbent upon us to comment. The principal objection that was levelled against our hypothesis is based on the premise that a sawtooth wave must necessarily give rise to a sawtooth variation in the optical spectrum, as in figure 4. That would indeed be contrary to observation. And the premise would have been true had the line-forming region been acoustically thin. But in our model it is not. At any instant a whole wavelength or more of the wave contributes, nonuniformly, to the optical spectrum, which irons out the sawtooth. Kochukhov et al. (2007) note that the observations indicate that not only does the first moment of the rare-earth spectrum vary periodically with time, but so too does the second moment, the latter lagging behind the former by a quarter of a period, just as our model predicts (see figure 7) . That property is responsible in part for one's visual impression of the stacked spectra in figures 1 and 6. Doppler movement of a line from red to blue reduces the strength of the line at any fixed frequency in the red wing and increases it in the blue; line broadening increases the strength in both wings. Consequently a suitably phased second-moment variation of suitable amplitude can mask the red-to-blue movement of the residual spectrum, giving the appearance of continuous movement only from blue to red. Kochukhov et al. (2007) argue that stacked synthetic spectra resulting from small-amplitude waves producing purely sinusoidal variations of the position and the width of a line can be adjusted to reproduce the observations presented in figure 1. Superficially that may be so, but they fail in one important respect; when the relative amplitudes and phases of the first two moments are adjusted to the observational data in such a manner as to yield residual spectra with apparent continous motion only from blue to red, such as in figure 13b of Kochukhov et al. (2007) , in their figures 15b(iv) and 15c(i), which should be identical, and in figure 9 here, the standard deviation of the residuals has only a weak minimum, or even a maximum, at line centre, rather than the pronounced minima such as that associated with the Pr III line depicted in figure 1. We suspect that this deficiency could be removed by postulating a suitably tuned variation in the equivalent width, different from that implied by the current adoption. But that, like the putative explanation in its current Fig. 9 . A stacked sequence of synthetic residual spectra (with no added noise) produced by a thin layer of the atmosphere in a starspot which is presumed to move vertically in a sinusoidal manner and is viewed directly from above. The velocity amplitude is u 0 = 1 km s 1 , and the intrinsic spectrum line is Gaussian, with full width at half-amplitude having a mean of 10 km s 1 and a sinusoidally varying component of 1.5 km s 1 lagging behind the velocity by a quarter period, as in figure 13b of Kochukhov et al. (2007) . Each residual spectrum is displaced downwards by 0.02 from its predecessor. The upper continuous curve is the mean of the raw spectra, as in figure 6 , the dotted curve is a single intrinsic spectrum, suffering from no Doppler broadening. The lowermost curve is the standard deviation of the spectra from their mean, plotted on a scale of 33 times larger than the others.
form, would be no more than a rationalization of the available data, and would require yet another adjustable parameter to accommodate it. Our more straightforward interpretation of a wave which actually produces only blue-to-red continuous movement does exhibit that minimum in the standard deviation. Indeed, unlike the interpretation of Kochukhov et al. (2007) in its present form, our model appears to reproduce all the observations. Furthermore, the variation of the second moment of the spectrum line -both in amplitude and in phase -is actually a prediction of our theory (under conditions in which the intrinsic line width is taken to be constant); it is not merely described by two adjustable parameters. We hasten to add, however, that the amplitude and phase lag do depend somewhat on the form and thickness of the RE region, as we discuss briefly in section 4.
In our model the width of the mean spectrum line is determined principally by near-sonic Doppler broadening due to a wave train propagating through an acoustically extensive region of the atmosphere. That would not be possible if the amplitude claimed by Kochukhov et al. (2007) were correct. To produce adequate, and variable, line broadening, Kochukhov et al. (2007) , who presume the thickness of the RE region to be negligible, invoke turbulence, which they believe to be convection, and which is presumed to vary in such a manner as to leave the depth of the line centre invariant. Doppler broadening due to the pulsation is small. That is why their mean spectral line, illustrated at the top of figure 9, hardly differs from the intrinsic line, and appears to be at variance with the evidence presented in figure 1. Our interpretation, in contrast, leads to a noticeable difference, as Kochukhov and Ryabchikova (2001a) anticipated. Nevertheless, aside from that matter, and the disparity between the standard deviations of the synthetic spectra presented by Kochukhov et al. (2007) and their observations, it is difficult at present to differentiate between their proposal and ours on empirical grounds alone. However, future observations of the detailed variation of rare-earth spectrum line shapes would help. Otherwise, we must temporarily rest our case with physical reasoning: Even if one disregards the fact that the stratification of the atmosphere is bound to be convectively stable, it is hardly possible for buoyancy to be so severe as to produce the near-sonic, or perhaps even supersonic, convective velocities that would be required to account for the observations, particularly because the atmosphere is effectively transparent. Moreover, a dynamical theory of the LPV would require also an explanation of the phase relation between the turbulent broadening and the acoustic wave, which currently is missing. Because the layer is optically thin, the convection would transport almost no heat, and therefore the dynamics would be quite different from that in stellar interiors. In particular, it would not be possible to infer directly from the usual analyses of convection what the phase difference between the first and second moments of the rare-earth spectrum lines might be.
We too have not provided here a comprehensive theory of the shock-train phenomenon. But we trust that we have at least rendered it natural and plausible, and have demonstrated that it does appear to satisfy all the principal observational requirements.
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